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Proposition 0.1. Let G be a group of finite Morley rank, let G itself he a 
definable connected normal subgroup group of G, and let S be a Sylow 2-subgroup 
of G. Then G has an S-invariant Carter subgroup. 

Wc use the following facts, as well as the Frccon-Jaligot construction and 
the conjugacy of descent tori. 

Fact 0.2 ( [Bur06[ Cor. 3.5]). Let H he a nilpotent group of finite Morley rank. 
Then H = D^B is a central product of definable characteristic subgroups D, B < 
H where D is divisible and B has bounded exponent ( which is connected iff H 
is connected). Let T he the torsion part of D. Then we have decompositions of 
D and B as follows. 

D = d{T)*Uo,iiH)*Uo,2{H)*--- 
B = U2{H) ® UsiH) ® U5{H) ® ■ ■ ■ 

Fact 0.3 f |Bur06[ Lemma 4.4]). Let H be a connected solvable group of finite 
Morley rank. Suppose that S is a nilpotent Uo^r-suhgroup of H , and that H = 
Up{H)S for some p prime. Then H is nilpotent, and [Up{H), S] = 1. 

Fact 0.4 ( [Bur06l Lemma 4.4]). Let H = KT he a group of finite Morley rank 
with K <\ H a nilpotent UQj.-group and T a nilpotent Uo^g-gfoup for some s > r. 
Then H is nilpotent. 



Proof of Proposition \0.1i We take G to be a minimal counterexample, i.e. proper 
connected S'-invariant subgroups of G have S'-invariant Carter subgroups. Then 
G is nonsolvable by a Frattini argument. We observe that Carter subgroups of 
G correspond to Carter subgroups of G/Z°{G). So G is centerless too. We may 
also assume that Gs{G) = 1. 

If G contains divisible torsion, we take T to be a maximal descent torus of G 
(exists by |Che05] ). By [Che05| . all maximal descent tori are conjugate, so G = 
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Nc{T)G by a Frattini argument. Hence a conjugate or T is 5-invariant. There 
is a Carter subgroup Q containing T, by a Frecon-Jaligot construction. By Fact 
|BN94I Thm. 6.16], T is central in M := N^{T). Now we have M < G, since 
G is centerless. Since M is ^-invariant, there is an S'-invariant Carter subgroup 
Q of M. Since T is a characteristic subgroup of Q, iV^(Q) < N^{T) < M. So 
Q is a Carter subgroup of G. Hence we may assume that G has no divisible 
torsion. 

We find a maximal S'-invariant group R with "minimal degree of unipotence" 
r. Let r be the minimal reduced rank such that there is an 5-invariant nilpotent 
J7o,r-subgroup of G, or take r = oo if there are no S'-invariant nilpotent C/o,r- 
subgroups. Let z be a central involution of S. Since G is nonabelian, CQ{i) 
is infinite by |BN94I Ex. 13 & 15 on p. 79]. and clearly S-invariant. Since 
CQ{i) < G, Cq{i) has a definable S-invariant nilpotent subgroup, by induction. 
So, if r = cxD, there is an S-invariant nilpotent group of bounded exponent, by 
Fact 10.21 Let i? be a maximal S-invariant nilpotent [/o,r-subgroup of G, or else 
a maximal S'-invariant p-unipotcnt subgroup of G if r = oo. Now consider the 
S-invariant group M -.^ N^{R). 

First suppose that M < G. Then there is an S-invariant Carter subgroup 
Q of Af , by induction. Now RQ is solvable. We show that R is characteristic 
in Q. If r = cx), RQ is nilpotent by Fact 10.31 and RQ has bounded exponent. 
So i? = Q by maximality. If r < oo, r is the minimal reduced rank found in Q, 
since Uo^t{Q) is S-invariant for all t. So RQ is nilpotent by Fact 10.41 R < Q, 
and hence C/o,r(Q) = R- In either case, Nq{Q) < M. So Q is a Carter subgroup 
of G. 

Next suppose that M = G, i.e. R <i G. Then there is an S-invariant Carter 
subgroup Q of G = G/R. Now the puUback Q of Q to G is solvable, and 
R < Q. Since G is nonsolvable, Q < G, and Q < G. Since Q is S-invariant, 
there is an S-invariant Carter subgroup L of Q, by induction. Wc show that 
Q = RL is nilpotent. If r = oo, RL is nilpotent by Fact 10.31 If r < oo, r 
is the minimal reduced rank found in L (or Q), since Uo,t{L) is S-invariant 
for all t. So RL is nilpotent by Fact 10. 4[ and R < L. By maximality of R, 
Uo^r{L) = R. By Fact 10.21 C/o,t(i) centralizes R for t > r. In either case, 
Q ~ RL is nilpotent. We observe that Ng{Q)/R < Nq{Q) has the same rank 
as Q. So Tk{NG{Q)) = rk((3), and N^{Q) = Q. Thus Q is an S-invariant Carter 
subgroup of G. □ 
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